VOL. 11, NO. 4, JULY-AUGUST 1988

J. GUIDANCE 357

Some Approximations for the Dynamics of Spacecraft Tethers

A. H. von Flotow*
Massachusetts Institute. of Technology, Cambridge, Massachusetts

This paper attempts a critical discussion of selected physical effects in the dynamics of spacecraft tethers, pointing
out that for many purposes the simplest models are adequate. Spectral separation is invoked to decouple the motion
into a slow libration akin to that of a rigid body upon which fast oscillations involving tether deformation and end-
body attitude motions are superimposed. The effect of a slight quasiequilibrium tether curvature on this fast motion

is illuminated via a linearized analysis.

Introduction

AST analyses of the dynamics of spacecraft tethers have

generally been of two types: either quite simple models
were used, typically with the tether assumed to be straight and
inextensible, or comprehensive simulations' were prepared
for computer implementation. General agreement on the im-
portance of various physical effects does not seem to have been
reached. Each analyst has individually made the choice of
which effects to model, sometimes quite arbitrarily. Reference
2 is a broad summary of work published to date, and includes
97 citations. : )

The work reported in this paper was motivated by the phi-
losophy that the appropriate approach to developing an engi-
neering model of a physical system is to include no more than
the bare minimum of effects required to reproduce the behavior
of interest. Since this is necessarily an iterative procedure, this
paper builds upon insights gleaned from the results of previous
analyses. Spectral separation is invoked to reduce the dynamics
to a relatively fast vibrational motion, decoupled from and
superimposed upon the slow roll/yaw librations of the system.
It is suggested (with experimental evidence) that, because of
the low tensions experienced by spacecraft tethers, nonlinear
extensional stress/strain behavior will be important.

Infinitesimal perturbations of the tether from its: slowly
varying quasiequilibrium are described by a system of linear
partial differential equations, in which longitudinal and lateral
motion are coupled by slight curvature of the equilibrium
shape. These equations are nondimensionalized and investi-
gated with respect to wave propagation, revealing that for
wave lengths much smaller than equilibrium radius of curva-
ture, lateral and longitudinal motions effectively decouple. As-
sumption of point-mass dynamics for the endbodies leads to an
eigen-analysis which yields eigenfrequencies and shapes, the
first few of which can be quite different from those of the classic
cable approximation. Effects of tether stiffness, curvature, ten-
sion, length, retrieval rate, etc., are illuminated in terms of
nondimensional parameters. ‘

The intent of this paper is to provide simple conceptual mod-
els of the motion of tethered satellites, both to guide develop-
ment of future simulations and to provide a basis against which
to compare simulation results.

Received March 11, 1987; revision received July 28, 1987. Copyright
© American Institute of Aeronautics and Astronautics, Inc., 1987. All
rights reserved.

*Assistant Professor, Department of Aeronautics and Astronautics.

Appropriate Models of Tether Elasticity

To date, models of tether elasticity have ranged from that of
an inextensible chain to that of a beam with nonsymmetric
cross section and with torsional strain energy. It is easy to show
that the “bending length,” I, beyond which the effects of bend-
ing stiffness, EI, are negligible compared to those of ten-
sion, T, is given by Iy =~ /EI/T. With tether diameter on the -
order of one millimeter, and tether tension on the order of a
few Newtons, this bending characteristic length is on the order
of a few centimeters. Thus, for such tethers, with lengths of
many meters or kilometers, bending stiffness does not con-
tribute significantly to global restoring forces, and a beam
model is inappropriate.

Bending stiffness does, however, contribute nonlinearly to
the extensional stress/strain behavior of such tethers. The natu-
ral form of a real wire is not straight. Residual stresses of
unspecified origin and a spiral shape due to deployment from
a reel will both be present. The characteristic length of these
imperfections may very well be comparable to the bending
length. Figure 1, adapted from Ref. 4, presents relevant exper-
imental results.

Nonlinear Extensional Stiffness of a Wire

~ Spacecraft tethers will often operate under very low tension,
even as low as a few Newtons for end masses of many hundreds
of kilograms. We are thus interested in the extensional stress/
strain behavior as tension approaches zero. The most common
assumption has been bilinear; linear elastic for extensional
strain and zero tension for compressive strain. The experimen-
tal results of Fig. 1, first reported in Ref. 4, show the behavior
to be more complex.

Two approximate analyses of the force/deflection behavior
of a wire with initial wrinkles can be offered. Both predict a
similar nonlinear stress/strain behavior:

A 1
8—-—<T +a (n

(valid for small strain, approximately —0.05 < ¢ <0.01). The
strain ¢ is thus seen to be the sum of two contributions: a linear
elastic extension proportional to the tension T and inversely
proportional to the axial stiffness £4, and a nonlinear shorten-
ing due to the wire’s tendency to return to its unstressed shape
as T—0, The value of the constant k depends upon the as-
sumptions made in the derivations.

If an inextensible wire’s unstressed shape is assumed to be a
helix of radius r, pitch angle & = 0, and arclength L (the wire is
tightly wound on a reel of radius r), then the tension T required
to extend the wire to a length A (while preventing untwisting)
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is given by’

EI 1
T=G~Jf_-5ﬁ<1—————> h<L (2

V1= (/L)

where EI is the bending and GJ the torsional stiffness. If we
define the strain with respect to the wire’s arclength,
= (h — L)/L, and limit | & |« 1, then Eq. (2) reduces to

GJ] EI 1
T=23-Z—=—= &<0 3)

which, since GJ = EI for isotropic materials and closed convex
sections, becomes

g — (;)2 x = EI/./2r? (4)

An alternative derivation attempts to model a slightly wrinkled
unstressed shape by introduction of a sinusoidal planar wrinkle
with amplitude A and wavelength A. It is not difficult to show
that under this assumption, the tension/strain behavior of the
axially inextensible wire becomes

g=— (;)2 x = 32./6EIA/A® (5

as h — L. Eq. (1) is then the sum of the nonlinear shortening of
Egs: (4) or (5), and the linear elastic extension T/EA.

The experimental points of Fig. 1 were measured for a length
of Teflon-insulated stranded copper wire sold on a small plastic
reel. This wire was under consideration for use as a spacecraft
tether.* Plausible values have been inserted into Egs. (1) and
(4) to calculate the theoretical curve in Fig. 1.

It would be interesting to speculate about (or to measure)
the low-tension stress/strain behavior of other candidate teth-
ers. Effects of braiding, stranding, twist, and other tether de-
tails would potentially add nonlinearity to the nonlinearity
introduced by residual stresses. The results summarized by Fig.
1 suggest that such nonlinear behavior will be much more im-
portant than many of the other nonlinear effects included in
past analyses. For the mission studied in Ref. 4, the nonlinear
flexibility, 1/ E4 (g), can be greater than the linear flexibility by
a factor of up to one thousand.

In principle, it is possible to model this subtle effect of tether
bending stiffness by using a beam model for the tether and
resolving the details of the tether shape. The resolution de-
manded would be on the order of a few centimeters (the bend-
ing length) and would lead to a hopelessly large computer
simulation for tethers several kilometers in length. The ap-
proached introduced in the preceding paragraphs would be to
use an elastic cable model, with a nonlinear stress/strain behav-
ior-as in Eq. (1). Figure 2 indicates that the tether position
would then be modeled to a precision on the order of the
bending length, adequate for most purposes.

Reference Frames and Equations of Motion

The equations of motion of an elastic cable (no bending or
torsional stiffness) have long been known® and are concisely
expressed in vector notation

0°R 0 (_ OR

where p is the mass per unit strained length of the tether and
R (s, 1) is the vector position of the tether as a function of time
¢ and strained arclength s. Vector differentiation is performed
in a Newtonian reference frame. The arclength is conveniently
measured from one end of the tether, for example, within end
body 4. External forces per unit length are indicated by vector
F. The tension T is given as a function of &, where ¢ =
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|6R/s| — 1, by Eq. (1). If the tether is to be modeled as con-
stant length, Eq. (1) is replaced by the constraint |0R/ds| = 1.
(The issue of when an inelastic model of the tether is appropri-
ate is discussed in a subsequent section.)

The boundary conditions required to complete Eq. (6) will
depend on the dynamics of the end bodies of the tethered
satellite system. The force exerted by the tether on the end body
A (at s =s,) is just

- AN
el @ E o

Note the appearance of the normally negligible thrusting term
due to tether deployment.

Reference 3 reports the development of a simulation based
upon a finite difference discretization of Eq. (6), boundary
conditions built upon Eq. (7), and the assumption of suitable
models for the endbodies. The reference frame chosen is Earth-
centered inertial; thus, relative motion must be resolved as the
small difference of two large numbers. In this reference frame,
Eqgs. (6) and (7) are highly nonlinear in the three components
of R.

A more common approach has been to introduce a tether
reference frame'- and to express tether motion with respect to
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Fig. 1 A wire exhibits a nonlinear stress/strain relation due to straight-
ening of initial wrinkles. This figure compares the results of one experi-
ment with an analysis based upon the assumption that the wire is
unstressed when wound on a spool of radius r.

Fig. 2 It is proposed to forego detailed modeling of the tether “wrin-
kles” in favor of modeling only the approximate position and using a
nonlinear stress/strain relation. The tether position would then be mod-
eled with a resolution of approximately I, ~ ./ EI|T.
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this frame. This tether frame has historically been chosen with
one axis defined by the tether attachment points on the two
bodies and the other axes defined via their orientation with
respect to the orbital plane (see Fig. 2). If tether deflections are
expressed with respect to. this fraime, then the rotational mo-
tions of the reference frame add Coriolis, centripetal, and an-
gular acceleration terms to the time derivatives of Eqs. (6) and
(7), and the equations describing tether deflection are thus
inertially coupled to those describing system attitude. Since the
angular velocity of the tether reférence frame is defined by
endbody motion, which depends in part upon tether forces, the
equations of motion governing system attitude are also coupled
to the partial differential equations governmg tether deflec-
tions.

The approach of Ref. 1, and many works cited in Ref 2, has
been to simulate this system of equations numerically. The
tether shape is discretized by the introduction of shape func-
tions or by a lumped mass model. The resulting ordinary differ-
ential equations can then be integrated forward to time.
Experienice with these simulations has revealed the system to be
“stiff”’; some motions occur much faster than others, and the
integration time step must be chosen to be a very small fractlon
of the orbital perlod

The Approximation of Spectral Separation

An alternative approach to extracting information from a
stiff system of ordinary differential equations is to introduce
the approximation of spectral separation. This approximation
is based upon the realization that the effect of coupling between
fast and slow dynamics of a system is well approx1mated by the
introduction of two assumptions: :

1) The slow dynamics define a quas1equ111br1um from the
point of view of the fast dynamics.

2) The fast dynamics modify the slow dynamlcs quasistati-
cally; thit is, they participate in the slow dynamics at their
instantaneous equilibrium levels.

The best reference for the theory and practlce of spectral sepa-
ration, with application to many examples, is perhaps an un-
published book draft.

Table 1 is a summary of estimates of the eigenfrequencies
of a tethered system, both in symbolic and nurnencal form.

Table 1 Estimates of periods of vibration of a tethered satellite system

Description Symbolic Numerical?
. 2 o
System pitch " 3100
3o,
T
System roll . 2700 s
L
Elastic bounce 2 | AE 61 s®
EA(m, + my)
Tether modes:
first lateral 2L \/—;7; 440 s
first longitudinal L [£ 95
& EA
. IO .
End body attitude 2n El Orbiter: 1000 s

Snbsatellite: 13s

*Numerical values used are: orbital rate w, =1.16 x 10~ 3/s (low earth orbit),
axial stiffness EA = 10°N, Orbiter mass m, = 10° kg, - subsatellite inass
mg = 500 kg, tether length L =20 km, tension T =40 N, tether mass densuy
2 =15 x 1073 kg/m, Orbiter inertia I, = 107 kg-m?, Orbiter attach point offset
d =10 m, subsatellite inertia 7, = 125 kg-m?, subsatellite attach point offset
d =0.75 m. ®This period is based on a linear elastic model for tether axial stiff-
ness. The nonlinear stress/strain behavior of the tether to be used for the Italian/
American mission is not available.
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The numbers used are representatlve of the Italiari/American
Shuttle tethered satellite system. Note that the numerical esti-
mates for -this- specific system indicate that most internal
motions will be much faster than the pitch and roll of the entire
system. The one exception to this spectral separation is the
pendular attitude oscillation of the Space Shuttle Orbiter due
to tether tension actmg at the end of the tether deployment
boom. ) .

The Quasiequilibrium Teth’er Shape

The attitude motion of a general rigid body in orbit, re-
sponding to environmental torques, is well understood.” The
motion of a general flexible body in orbit, and its interaction
with the gravitational field is less well understood. Initial stud-
ies have shown that the rigid body motion is essentially unper-
turbed by flexible deformations as long as these deformations
remain small relative to system dimensions,® and their natural
frequencies remain. perhaps a factor of ten® larger than the
orbital rate w,. Review of Table 1 reveals that, with the excep-
tion of Orbiter attitude motion, the natural frequencies of the
internal motion of the tethered system are indeed much faster
than orbital rate. If slow endbody attitude motion can be ig-
nored or is actively controlled, the attitude librations of the
tethered system will occur much like those of a rigid body, as
long -as internal deﬂectlons remain small compared to tether
length.

References 10 and 11 have con81dered the equilibrium longi-
tudinal strain and tension distributions in a tether, subject to
the assumptions of linear elasticity and a constant gravitational
gradient acting along the axis of a straight tether. These studies
have mathematically confirmed the validity of a simple approx-
imation, exact for infinitesimal tether strain. Tether tension is
effectively constant if both end masses are much greater than
tether mass, and spatially parabolic if tether mass is significant.

The quasiequilibrium shape of a tether is not necessarily
straight. Lateral forces due to aerodynamic drag, gravity gradi-
ent, electrodynamic interaction with the Earth’s magnetic ﬁ’eld
and Coriolis effécts due to retrieval or deployment of the tether
from a massive end body will all deflect the tether laterally
against tensile restoring forces. Each of these forces will vary
with time and space, both in magiitude and direction, with
much of the variation occurring at frequencies comparable to
orbital rate. Order-of magnitude estlmates of these lateral
forces are

Aerodynamic drag

10~ to 10~5 Nj/m
(atmospheric density 10~14 t0 10-13 /cm3)

Electrodynamic

A 2 x 107° N/m/A
(Earth’s magnetic field in low earth orbit) '

Gravity gradient v x 1073 N/m
(v is lateral deflection in meters)
Coriolis L x107°N/m

(L. is retrieval or deploymerit rate, in m/s)

Numerical values given in Table 1 have been used where
needed. ‘

The approx1mat10n of spectral separation permits calcula-
tion of an instantaneous tether shape by insisting upon static
equilibrium with these slow lateral forces. If one assumes that
the tether experiences an external force density. F, uniform in
direction and magnltude along the wire, then the equlhbnum
curve is planar, and is given by the solution of

o (. 0R
a—s<T5;>+F—Q (8)
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" together with an appropriate stress/strain relation. Since this
curve will be very shallow, we will approximate it to be a
portion of a circular arc of radius, R, R > L, and since the
tether mass is much less than endbody mass, we will introduce
the approximation that the equilibrium tension 7 is indepen-
dent of s. Basic equilibrium analysis then yields R = T/
F, (F,is the component of F perpendicular to the line
connecting .the tether attach points) and mid-point sag of
& = L*/8R. Using a tension of 7 =40 N and an external force
density of 2 x 1073 N/m,. yields a radius of curvature of
R =2000km and a mid-point sag of é =25m for a tether
length of 20 km. These values become R =200km, and
d = 2.5 m for a tether length of 2 km and a tension of 4 N. The
nondimensional equilibrium radius of curvature, R = R/L, is
thus seen to be very large (approxrmately 100) and mdependent
of length.

References 8 and 9 deﬁne the libration of a flexible system in
terms of the attitude of a reference frame, whose origin remains
at the deformed system miass center, and whose attitude is
defined by orthogonality of the system flexible and rigid body
motion. The tether frame introduced in Fig. 2 satisfies this
definition of attitude only approximately, even when the end-
bodies are modeled as point-masses. Since the tether defléction
from the straight condition is very small (approximately 1/2
R), the curved tether will couple the two endbodies much as a
straight tether would, and system libration is essentially the
same as the libration of the tether frame. Reference 9 comes to
a similar conclusion.

The slowly varying equilibrium shape we will consider can
thus be summarized as follows: A global pitch and roll libra-
tion of the¢ system creates a spatially near-uniform tension in
the tether, which varies slowly in time. The equilibrium tether
shape is nearly straight, with a shallow planar.sag which slowly
changes amplitude and swings about the line connecting the
two tether attachment points. This equilibrium is static when
observed on the time scales of internal tether modes

Fast Tether Motions
Fast tether motions are of interest for several reasons:
1). Simulations have shovyn2 that such tether motions may
grow during retrieval.

/' perturbed shape -~ — — -

/ equilibrium shape ——————a

Fig. 3 The equations of motion governing infinitesimal tether deflec-
tions from the equilibrium curve can be expressed in several different
coordinate systems. "Curvilinear coordinates are useful for exposing the
high-frequency wave-propagation limiting behavmr and can be used for
an elgenanalySls ‘
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2) For maneuvers involving intermittent thrusting of the
end bodies,>? such fast tether motions will be excited directly.

3) The performance of kinetic isolation and subsatellite atti-
tude control systems, based upon remote tethering of a sensi-
tive payload to a noisy space station,'? depends strongly on
these tether dynamics.

Prior studies'® of the dynamics of slightly curved elastic
cables have concluded that even very slight equilibrium curva-
ture can have a great influence upon perturbational motion.
The fundamental symmetric mode of a pirined-pinned wire was
shown to change character when a nondimensional parameter,
A2 =(L/R)2EA|T, exceeded a critical value. The value of this
parameter defines” whether the tether behaves extensibly
(4 <2n) or 1nexten51bly (A > 2n) as it is perturbed from the
equilibrium shape. The values of Table 1, together with the
estimate of R/L =100, yield a value of A-=2, very near
the critical value. Because these values are only estimates, and
because the boundary conditions on spacecraft tethers are
very different from those treated in ‘Ref. 14, an analysis is
appropriate.

This section derives the equations of motion governing infi-
nitesimal perturbations of a slightly curved tether. The equi-
librium curve is taken to be planar, and the pérturbations are
defined within this tether equilibrium plane, and normal to it.
The effects of small inertial coupling due to the slow (order w,)
angular velocities of the reference frame are ignored, consistent
with the approximation of spectral separation.

Figure 3 defines the small perturbations u(s, ?), v(s, 1), w(s, 1),
&(s, 1), and n(s, 1), of the tether with respect to its equilibrium
shape, defined by z(s) and y(s) where s is the equilibrium arc-
length. This equilibrium arclength differs slightly from the
natural arclength § (see Figure 2), depending upon the equi-
librium tension. The tension is taken to be the sum of the
equilibrium value T(s) and a perturbation (s, f). Under the
assumptions justified in the preceding paragraphs, and using
the equilibrium défined by equation - (8), Eq. (6) can be
expanded to

In plane of tether equilibriurn:

Axial

I3} ow dz .

Eg—(T"é;-l'Ta):yW (9)
Lateral

0 ov dy

—NT—+1—|=w 10

as(Tas“ds) H (19)
Normal to the plane of tether equilibrium:

9 (Ta"> il (11)
as ‘

where terms of second and higher order in perturbatlonal
quantmes have been dropped The perturbational tension is

grven by
dzow dyov '
v= E4 (ds P dsas) {2

where E4 is the effective extensional stiffness of the tether at
the equilibrium strain- (see Fig. 1). ;
Reference 14 makes further approx1matlons, valid for very
shallow pinned-pinned catenaries, to manipulate Egs. (9), (10),
and (12) into a single second order partial differential for
(s, £). We prefer the approach of Ref. 15, in which cable deflec-
tions are expressed in terms of components tangential and per-
pendlcular to the equilibrium curve (see Fig. 3). Equations (9),
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(10), and (12) can be transformed, using the transformation

s dz d
w=tg - (13)

A}

dy dz
v=CFrng (14)

ds
into an equivalent system.

In plane of tether equilibrium;
Parallel to equilibrium tether

A (@ T(m 1\ o (Ed
a(P5)-(r5) =~z -ex) -2 () 0o

Perpendicular to equilibrium tether

d (. on o\ E4 fo¢ 1\ & (T
(Tas) (3% Grra)+aEe) (9

where R = - (dy/dsdx/ds? — dx/dsd? /dsz) L is the equi-
librium radius of curvature of the tether. Equatlon (11) re-
mains unchanged.

Equations. (11), _(15), and (16) now describe the perturba-
tional motion of an elastic cable from its planar equilibrium
curve. The curve need not be shallow, nor need the radius of
curvature R be constant with s. It is clear that curvature
couples the two components of the planar motions; Egs. (15)
and (16) are coupled by terms involving 1/R. As R — oo, the
coupling disappears, and the equations are reduced to the
familiar decoupled wave equiations for axial and lateral motion
of an elastic cable. Motion normal to the equilibrium plane
remains unaffected by curvature.

Wave Propagation Along the Tether .

Equations (16) and (17) are suitable for investigation of the
intuition that high frequency tether motion is effectively de-
scribed by propagation of decoupled lateral and tangential
waves. We assume a solution of the form

_é - _é" Y(w,s)s + it 17
(ﬂ) (no)e ' n

where Yw,s) = a(m,s) + ik(w,s) is known as the propagation
coefficient. Substitution of Eq. (17) into Egs. (15) and (16)
yields a pair of coupled second order polynomials in y and .
These polynomials are satisfied along the lines sketched in Fig.
4. We see that wave propagation becomes nondlsperswe for
kR > 1, that is, when the wavelength becomes small relative to
the radius of ‘curvature. Since the frequency has been non-
dimensionalized with respect to lateral wave speed VT,
three values of T/EA (assumed constant with s) give' three
different values of nondimensional tangential wave speed.
Invesugatlon of the corresponding wave-mode eigenvector,
(&,.m,) 7%, reveals that the response consists of pure extensional
(&,m.) =(1,0), or pure lateral' (¢,,,) =(0,1) motion for
kR > 1. An order-of-magnitude analysis of the terms of Eqs.
(16) and (17), as | yR| - 00, will yield a similar insight.

Natural and Forced Motions of the Tethered System -

Irvine and Caughey'* report an approximate elgenanalysm
of Egs. (9), (10), and (12) for pinned-pinned boundary condi-
tions and shallow parabolic catenaries. They conclude that the
only mode strongly affected by slight curvature of an elastic
cable is the first symmetric lateral mode. For analysis of a
tethered spacecraft system, one is interested in different
boundary conditions. A general endbody -of such a tethered
system can provide a complex boundary condition, including
effects of endbody flexibility and attitude motion. This section
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Fig. 4 Dispérsion curves of lateral and fangenﬁal waves propagating
along a tether with uniform equilibrium tension and radius of curvature.

formulates the eigenanalysis for arbitrary boundary condi-
tions, and shows representative solutions for the simpl'est one
end is eﬂ'ectlvely pinned by attachment to a very massive body,
the other end is connected to a point mass only several times
more massive than the tether. ,

Introduction of the nondimensional cross sectional vector

=(¢/L,E71/T9§, wiL, a—">T (18)
s s ;

pérmits writing (Fourier transformed) Egs. (15) anti (16) as

-0 € 0 0
—-@*+1/R* 0 0 —1/Re -
/= . F
r 0 0 0 (19)
0 I/R —o*+1/R% 0

where ¢ =T/EA, R=R/L,® = wL./u/T, and the spatial
denvanve is taken with respect to a nondimensional distance,
= LoT'/os. ‘
Boundary conditlons on either end of the tether are conven-
itently expressed as a matrix equation :

_ B@o)=f (20a)
where f is the vector of applied forces or enforced displace-

ments, as appropriate. To define a pinned end at s =0 Eq.
(20a) would employ

(1000 NI’
”‘(Oqo 1 0) ﬁ"(mLO R

and f, is an enforced nondimensional displacement. A point
mass m at s = L is described by

L2 a2 1 0 0

L T
B=| * . fi= (f;f;T) (20¢)
.0 0 ——a? 1 ne et
uL @ ‘
where f; and f, are external forces applied to the ISoint mass.
The general form of the solution of Eq. (19) is
e
T(s,@) = (T,e75't  T,e?/t  The"iL T eril) G (il)
L3
Cy
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where T, is the ith eigenvector of the matrix in Eq. (19) and
y{®) is the corresponding eigenvalue Application of boundary
conditions at the two ends, each in the form of Eq. (20a),
permits evaluation of the constants C, i=1234in terms of
the force vector (f,, f;)7. The response anywhere along the
tether can then be expressed in terms of a matrix of transfer
functions

T'(s,®) = H(s,®) (f) (22)
1

These 16 transfer functions can be evaluated for any value of
5, 0 < s < L, and any value of @, and relate the response along
the tether to the excitation at the two ends.

Transfer Functlons

.The transfer functions of Eq (22) w111 vary slowly with time
because they depend upon the current equilibrium' condition.
This equlhbnum establishes values of tension T and radius of
curvature R, and defines the directions of &, 5, and u. [Note
that déeflections normal to the plane of tether equilibrium u
decouple from ¢ and 5. The relevant transfer functions can be
derived from Eq. (11) and suitable boundary conditions.].

Figure 5 gives a plot of H 1,2(L,®), parameterized with three
nonditmensional groups: R = R/L, ¢ = T/ EA,and m /uL. This
transfer function shows the tangential acceleration of the far
end of the tether (s = L) being excited by a unit lateral acceler-
ation at the near end (s = 0). If the equilibrium tether shape
were straight, this resporise would be zero. Figure 5a shows for
a fixed equilibrium T/EA and a fixed subsatellite mass ratio
m/uL, the ratlo of &(s=L) and (s =0) is a function of fre-

excitation

T/EA =10"% )
)
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-0 R/L'=100

.00t )
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Frequency, @ = wL\/L/_T

Flg 5 Transfer functions of the tangential response at one end of the
tether to a lateral excitation at the other end.
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quency. As expected, the low frequency response tends toward
zéro as the tether becomes straight, R/L — oo. It is clear that
even slight tether curvature will couple these two motions, par-
ticularly at resonance: Figure 5b shows the same curves for an
increased value of T/EA. The low frequency limiting behavior
remains unchanged; however, the nondimensional frequencies
of the first few resonances are strongly affected.

Such transfer functions are of prime importance to designers
of tether based vibration isolation systems, and even more to
those contemplating attitude control of a tethered subsatellite.
One such design'® has been based upon the assumption that
tether dynamlcs are those of a massless, straight, viscoelastic
spring. The axis crosscoupling of Fig. 5 may have a major effect
on the performance and stablhty of such an attitude control
scheme

Tether Modes

Figures 5a and 5b yield 11ttle insight into the character of the
underlying vibration. Figure 6 shows the evolution of the first
few natural frequencies and mode shapes as a function of two
nondimensional parameters, R/Land T/ EA R/L is held fixed
at two values R/L =10, 100, whereas T/EA is varied. Strong
coupling is prédicted between pendular motion and lateral
tether deflection whenever 42> 10. At 42~ 30 (very close to
the value predicted by Ref. 14 for fixed boundary conditions)
the two lowest mode shapes become identical, and their contri-
bution disappears from all transfer functions. A root locus of
these poles of the model in the vicinity of 2= 30 shows the
two frequencies coalescing at A% = 32, and becoming complex
for greater values of A2. The implied instability, oscillatory with
frequency, @ = 2.5, is not understood and is suspected to be of
mathematical rather than physical origin. The boundary value
problem defined by partial differential equations (15) and (16)
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Fig. 6 Trends of the first few natural frequencies and mode shapes of a
tethered system with slight equilibrium curvature. One end mass is effec-
tively infinite, the other has five times the tether mass, m/ul =5.
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and the boundary conditions [Eq. (20a)] can be shown to be
self-adjoint. Explanation of this unexpected instability remains
a mystery. Lateral and longitudinal motion can also couple
strongly. Figure 6b shows such coupling between the first few
lateral modes and the longitudinal bounce mode. Tether cur-
vature, even as low as R/L =100, can greatly modify the
behavior.

Effect of Deployment or Retrieval

The preceding analysis has ignored effects of deployment
and retrieval on the fast tether dynamics, both the Coriolis
coupling due to a tangential velocity of the tether and the
gradual length change.

Effect of Tether Translational Velocity

Retrieval of the tether to a massive end body will result in a
translational velocity of the tether along its equilibrium curve.
This translational velocity will add Coriolis coupling terms to
Egs. (15) and (16). Reference 16 has shown that such transla-
tional velocity will have a negligible effect upon the perturba-
tional motion of an elastic catenary as long as this velocity is
much less than the classic lateral wave speed ./ T/u. Retrieval
speed of spacecraft tethers is limited by attitude stability con-
siderations to L/L « w,, which, on_the basis of the spectral
separation assumed, implies L « ./ T/u. Ignoring the effect of
this Coriolis coupling is thus consistent with the assumption of
spectral separation upon which the preceding analysis is based.

Effect of Gradual Length Changes

The preceding paragraph argues that relative tether length
changes will be small over the period of even the fundamental
tether mode. When this is satisfied, tether mode shapes will be
effectively those of the constant length system, but their ampli-
tude will vary slowly with the length. An approximate expres-
sion for this dependence can be derived by assuming a given
mode shape, of amplitude a and geometrically independent of
length, and insisting upon conservation of strain energy. This
leads to the conclusion that EAa?/L remains constant if the
mode is primarily tangential and that Ta?/L remains constant
if the mode is primarily lateral. Since T is approximately pro-
portional to length, lateral deflection amplitudes should be ap-
proximately independent of length. This agrees with the
simulation results reported in Ref 2. The dependence of £4 on
length is more difficult to approximate. If the nonlinear effects
of Fig. 1 can be neglected, then £4 = EA is independent of
length, and tangential tether vibrations should decrease during
retrieval according to a ~ \/Z If the tether mode is coupled
lateral and axial, then its dependence on length should be some
weighted average of the individual dependencies.

Modeling Limitations

The insights gained in these analyses were achieved only at
the cost of rather severe assumptions. Interest was restricted to
tethered systems involving one tether and two endbodies, with
a spectrum permitting the approximation of spectral separa-
tion. The results of Figs. 5 and 6 show that for some choices of
parameters, the assumption of spectral separation will be vio-
lated. The conclusions reached will not be applicable to very
different systems such as tethers with negligible end masses,
massive, tapered tethers, multiple tethers, rapidly spinning
tethers, and many others.

The eigenanalysis presented is based upon the assumption of
small deflections. References 17 and 18 have considered larger
amplitude motion of cables. Reference 17 shows that the
quadratic terms in the strain energy expression of a shallow
catenary remain dominant only as long as deflections remain
small compared to the equilibrium sag. Equations (15) and
(16) are thus only valid for very small deflections, less than
6 = L/8R =~ 0.001L. Reference 18 derives the equations of mo-
tion of a sequence of assumed deflection modes of a spacecraft
tether, where the reference state is taken to be straight and
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axially unstrained. This work shows that nonlinear effects will
couple axial and both directions of lateral deflection, and by
integration of the equations of motion shows this coupling to
be significant when deflections become as large as 0.1L.

Unmodeled effects that threaten to be important are end-
body attitude motion and flexibility. Very slow endbody atti-
tude motion would still permit spectral separation, simply
redefining the reference equilibrium. Fast endbody attitude
motion and endbody flexibility will potentially couple strongly
to the tether modes. Table 1 estimates the subsatellite pendular
motion to have a period of 13s. One should expect strong
coupling of this motion with the bounce mode and with several
(perhaps the 40th) lateral tether modes. The introduction of
fast endbody attitude dynamics would require the use of at
least two more nondimensional parameters, perhaps d/L and
d./m/I,, where d is the offset between the tether attach point
and the endbody mass center, m its mass, and I, its inertia. A
study of the effects of this coupling is left as a topic of future
research.

Summary

This paper has investigated the dynamics of typical tethered
spacecraft systems. The motion is shown to occur at two time
scales, one comparable to orbital rate, the other much faster.
Spectral separation is invoked to approximately decouple this
motion. Fast tether vibrations occur with respect to a slowly
varying quasi-equilibrium. The equilibrium shape of the tether
is estimated to be slightly sagged from a straight line, and the
small perturbations from this equilibrium are described by a
system of linear partial differential equations. Nondimensional
parameter groups are identified which govern the character of
the fast tether vibrations.
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